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Abstract 
Kreweras, G. and P. Moszkowski, Tree codes that preserve increases and degree sequences, 
Discrete Mathematics 87 (1991) 291-296. 
We define a bijection from the set .Y,, of rooted Cayley’s trees with n vertices to the set 
[l, n]“-’ of words of n - 1 letters written with the alphabet [l, n]. This code has three 
remarkable properties: 
(1) As in Priifer’s code [l], the degree of every vertex is visible in the word mr = 
m,(l). . . m&n - 1) coding the tree T. More precisely, if di denotes the degree of the vertex i: 
If i is the root of T, then i appears d, times in rnT 
If not, then i appears d, - 1 times in mT. 
(2) For any rooted tree, increasing (or decreasing) edges can be defined in the following way: 
let (i, j) be an edge of T such that the minimal path joining i to the root passes through j; then 
the edge (i, j) is said to be increasing if j > i (and decreasing if j < i) [2]. In other words, if c is 
the contraction representing T, the edge (i, c(i)) is increasing if c(i) > i. We prove that the set 
of letters i in mT such that m,(i) > i corresponds to the set of increasing edges of 7’. 
c(i)>i Cs mr(i)>i. 
(3) From the code mT one derives a code m(T) for Cayley’s trees which ‘preserves’ degrees 
and increases of edges. The code m(T) can be defined independently of mT and therefore from 
it one derives a bijective proof of Cayley’s formula [6]. 
These properties yield new generating functions. 
The bijections generalize the classic bijection between permutations linking cycles to 
outstanding elements [4] (while the bijections of Egecioglu and Remmel [2], which have similar 
properties, may be viewed as variants of Joyal’s code [5]). 
1. The hijection 
The notion of contraction [5-61 helps define the word mT easily, although it is 
not absolutely necessary. It is well known that rooted trees are equivalent to 
contractions as illustrated in Fig. 1 where c(1) = 3, c(2) = 5, c(3) = 3, c(4) = 5, 
c(5) = 3. 
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Fig. 1. 
In the sequel we will suppose that the vertices of the considered trees are 
a,<*** <a,, in order to simplify the proofs. We want to construct a bijection 
from the set of such trees to the set of words of length it - 1 written with the 
alphabet {ai, . . . , a,}. 
Definition. For any rooted tree T with vertices al, . . . , a,, let c be the 
contraction equivalent to T (here c is a map from {a,, . . . , a,} to itself). We put: 
SP={ui:l<i<n-1,3k,ck(i)>i}. 
In other words, ui belongs to Y if and only if there exists a vertex larger than Ui in 
the minimal path joining ui to the root. 
9’ = ((11, . . . ) a,}/% 
we denote the elements of Y’ by x1 <x2. * * <xl = a,. Then the word mT = 
m&i), . . . , mT(an_l) is defined as fOllOWS: for x in {U,, . . . , U,_,}, 
If x E 9, then m&x) = c(x). 
For 16 A 6 1- 1, m&XL) = c(x*+1). 
In the sequel we will assimilate the word mT with the map mT : Ui--* mT(Ui). 
Example. n = 14. See Fig. 2. 
TY={ al, a2, a3, a4, US, u6, a9, al03 u12~ a13>. 
y’ = {a,, US, all, u14>. 
mT(a1) = 06, mT(a2) = % mT(“3) = a49 mT(“4) = u7p mT(“5) = u14p 
mT(a6) = a4, mT(a9) = US, mT(alO) = all, mT(u12) = US, mT(“13) = u5. 
mT(a7) = c(a8) = a6, mT(a8) = c(all) = a4, mT(all) = c(u14) = u7a 
Preliiary remarks. Let T’ be the subtree of T with root a,, and T” be the 
complement of T’ (not including the edge (a,, ~(a,)). See Fig. 3. 
We denote by rn;’ the restriction of the map mT to the set of vertices of T’; 
rn3” is defined in the same way. 
(a) Every vertex of T’ (except the root a,) has an ‘ancestor’ larger than itself in 
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Fig. 2. 
T, but also in T’; it follows that rn;’ = mTr and, for any vertex x < a, in T’, 
m&x) = c(x). 
But a contraction is completely determined by the successive inverse images of its 
root, therefore T’ is completely determined by the successive inverse images of a, 
in mp 
(b) Let y be the largest vertex in T” (if T” is not empty). Then y =x!-~ and 
m,(y) = ~(a,). For any other vertex z of T”, we have 
mF(z) = m,“(z), or mF’Xr-l = mP 
Now mF=mr.- ~(a,); in other words the word rnF is obtained from the word 
mTv by the adjunction of the letter ~(a,,). 
Fig. 3. 
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Theorem 1. For any a, < * - - -C a,,, the map mT is a bijection from the set of rooted 
trees with vertices a,, . . . , a, to the set of wora5 {a,, . . . , a,,}n-l. 
Proof (by induction of n). Let W = bl, . . . , b,_l be a word in {a,, . . . , ~~}~--l, 
and suppose that the tree T is such that mT = W. 
By (a) we can determine T’ in a unique way; now the set of vertices of T” is 
also determined in a unique way. If T” = 0, then T’ = T is the unique rooted tree 
such that mT = W. If T”#@ and mT = W, then, by (b), 
m T” = m+(u,). 
Now T” has at most n - 1 vertices; by induction T” is uniquely determined, 
therefore T also, since the edge (a,, ~(a,)) is joining T’ to T”. It is easy to see 
that the statement is true for small values of n, which completes the proof. Cl 
In the sequel vertices will be denoted by the integers 1, 2, . . . , n. 
Theorem 2. Let T be a rooted tree with n vertices. Then, for 1 =S i s n: 
If i is the root of T, then i appears di times in the word mT. 
Zf not, then i appears di - 1 times in mT. 
Proof. If n is the root, the mT = c, and the theorem is obviously verified for the 
word c(1) . . * c(n - 1). 
If n is not the root, then T” is not empty, and the property is also verified, by 
an easy induction. 0 
We will omit the many consequences of this theorem, which can be found 
in [7]. 
Theorem 3. For 1 G i c n - 1, we have: 
c(i) > i e mT(i) >i. 
Proof. If n is the root, there is nothing to prove. If not, we can easily use 
induction: 
We only have to check that n+(y) S y, which is obviously true because y is the 
largest element of T”. 0 
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2. Some consequences 
(1) Cayley’s formula for the number of trees with n vertices (nn-*). 
(2) The number of rooted trees with vertices { 1, 2, . . . , n} and the increasing 
edges G,, . . . , Gk is n!/iI . . . ik. 
Proof of (2). We have c(iJ =jl >i,, . . . , c(i,J = jk > ik for any such rooted 
tree T. 
From the definition we have mT(iI) = jI, . . . , mT(i,J = jk, and, using Theorem 
3,ifl<x<n-landxfi,,..., ik, then C(X) <x, therefore m=(x) s x. 0 
(3) Theorems 2 and 3 can be combined; for instance, the number of rooted 
trees with n vertices, k increases and 9 leaves (vertices with degree 1, excluding 
the root) is equal to the number of words in [l, n]“-’ containing exactly n - q 
different letters and having k values of i (1~ i c n - 1) such that xi > i. 
3. Cayley’s trees 
It is trivial that m,(l) = 1 if and only if 1 is the root. Consequently 
m(T) = m,(2) * - - mT(n - 1) defines a code for (unrooted) Cayley’s trees 
(mr(2), . . . , mr(n - 1) are defined by the choice of 1 as a root). This gives a 
bijective proof of Cayley’s formula (we do not need to define the code for rooted 
trees first). This code has the two following properties: 
(a) If the degrees of T are dI, . . . , d, then for 1 G i c n, i appears dj - 1 times 
in m(T). In other words, for any tree T, m(T) is a permutation of Priifer’s code 
for T, as Prtifer’s code has the same property. 
(b) For 2 s i c m - 1 and m(T) = m,(2)* - - mT(n - l), 
c(i)>i (j m,(i)>i. 
Remark. It is easy to derive from this code a code for forests of rooted trees 
which preserves degrees and increases. 
4. Generating functions 
We will just give the generating function for the set of trees with n vertices, 
degrees dI, . . . , d,, and k decreasing edges. The number of such trees is denoted 
by N(d, k), where d = (d,, . . . , d,). 
2% 
Lemma. Given 
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let 
integers m, II, k, 
d = (d,, d2, . . . , d,,) such that C di = m, 
P=(PI,P*,~.*7PA 
N(d, P, k) 
be the number of words of m letters chosen from the alphabet 1,2, . . . , n such that 
(a) for each i, 1.. 1 < ’ s n the letter i occurs exactly di times 
(b) there are exactly k values of i (1 s i s m ) for which the ith letter of the word 
is less or equal t0 /Ai* 
Then, for fixed p, 
A glance at this point will convince the reader. 
An immediate consequence of the lemma is 
n-2 
+x,1>. 
* * +x,}. 
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